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Some Numerical Results on Viscous Low-Density Nozzle
Flows in the Slender-Channel Approximation

WILLIAM J. RAE*
Cornell Aeronautical Laboratory, Buffalo, N.Y.

Calculated results are presented for converging-diverging nozzle flows in which viscous
effects are important across the entire nozzle cross section. The slender-channel equations
are used, with slip boundary conditions at the walls. The solution is started upstream of the
throat, using asymptotic results for slow viscous flow in a converging cone. An implicit
finite-difference scheme is then used to calculate the pressure, and profiles of velocity and
enthalpy at successive stations along the channel. The cases chosen for presentation show
the effects of varying the nozzle geometry, the Reynolds number, and the thermal condition
of the nozzle wall. The results suggest that specific impulse is improved by a throat whose
longitudinal radius of curvature is small, and that exit area ratios as low as ten can be used
without serious loss of performance. It is shown that, at sufficiently low Reynolds numbers
and low exit-cone angles, there is no solution of the slender-channel equations in which the
flow can expand to supersonic conditions. Instead, the boundary layer closes, and the solu-
tion resembles a viscous subsonic pipe flow. The implications of this finding on the upstream
influence of the exit-plane conditions and on the limits of validity of the slender-channel
equations are discussed.
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cylindrical coordinates
longitudinal radius of curvature of the nozzle wall, at

the throat
transverse radius of the nozzle throat
universal gas constant
transverse radius of nozzle wall
n/r*
temperature
axial and radial velocity components

V - Uyjd<rw/dx
z/r*, r/r*
accommodation coefficients for velocity and tempera-

ture
specific-heat ratio
displacement thickness
<r/<rw
wall angle
entrance and exit cone angles, Sec. IV
h/H0
viscosity
density
r/r*
exponent in viscosity, enthalpy relation
conditions at nozzle-exit plane
conditions in reservoir
conditions at the wall
conditions on the axis
conditions at the geometric throat

I. Introduction

THE rocket engines that are used for satellite attitude con-
trol are often required to produce a thrust less than one

pound-force, extending in some instances to values as low as
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10 ~6 Ibf-1 Such low values of the thrust dictate the use of low
reservoir pressures and small nozzle scale; the result is that
the flow takes place at very low Reynolds numbers, where vis-
cous effects are felt all across the nozzle cross section. Thus,
it is not possible to calculate the performance of these devices
by the usual inviscid, one-dimensional flow approximation,
with a small correction due to a thin boundary layer.

The studies described in this paper were undertaken with
the objective of predicting nozzle flows in the Reynolds-number
range appropriate to the operation of microthrust rockets.
The results found also have application to the flowfields in
low-density wind tunnels.

The approaches that have previously been applied to this
problem can be grouped in three categories. In the first,
applicable at the high-Reynolds-number limit, it is assumed
that the flow has an inviscid core that can be treated as an
isentropic, one-dimensional channel flow. The boundary
layer that forms on the walls is treated in a variety of ways,
(e.g., by integral methods or by local application of similarity
solutions) and its growth rate is usually coupled to the rate of
expansion of the inviscid core. In developing this approach,
various authors have used a number of further approxima-
tions; important among these are the degree to which trans-
verse curvature is accounted for, and the manner of specifying
the initial state of the boundary layer. Representative ex-
amples of this approach can be found in Refs. 2-7.

The second category of solutions is that appropriate to the
very low-Reynolds-number limit, where the methods of ki-
netic theory are used. In this limit, the basic statistical
physics of the flow are extremely complex. Thus, while the
problem can be formulated, it is very difficult to achieve a
solution of what might be called the "direct" problem, i.e., the
problem of finding the flowfield for given nozzle geometry and
given reservoir conditions.

The third category of solutions, employed in the present
study, is based on the "slender-channel" equations. In this
approximation, first proposed by Williams,8'9 the Navier-
Stokes equations are simplified on the basis that the channel
walls diverge very slowly. Slip boundary conditions have
been used, since it has been found in many studies (see, e.g.
Ref. 10) that these conditions, with the Navier-Stokes equa-
tions, lead to valid results well down into the transition-flow
regime.

The slender-channel equations are formally identical with
the boundary-layer equations, including the full effect of
transverse curvature. They differ only in being written in
cylindrical coordinates aligned with the nozzle axis, rather
than in surface coordinates. In this approximation the pres-
sure is constant across the channel, varying only with dis-
tance along the channel. Thus, except for the boundary con-
ditions, the slender-channel equations are the same as those
often used in studies of the laminar axisymmetric wake.
Finite-difference solutions for the latter problem have been
presented by several groups11"14 and suggested that the same
techniques could be adapted to the nozzle-flow case. A brief
description of the numerical method used is given in Sec. III.

In contrast to the thin-boundary-layer case, it is not pos-
sible in the present problem to establish the initial conditions
at the throat. Instead, it is necessary to start the solution
farther upstream, at near-reservoir conditions. Asymptotic
solutions for the flow in a converging cone were used for this,
purpose, and are presented in Sec. IV. The results of typical
calculations are given in Sec. V, and some general observa-
tions regarding the significance of the results are made in Sec.
VI.

II. Basic Equations

The starting point for the derivation of the slender-channel
equations is the Navier-Stokes equations. Williams simpli-
fied these by assuming that the ratio of radial to axial velocity

components, and the ratio of axial to radial gradients were
each of the order of the slenderness ratio of the nozzle.

In this approximation, the leading terms are

(d/ds)(pu) + (d/dr)(/w) + pv/r = 0 (1)

+ pvdu/dr = -dp/dz + (1/r) (d/dr) (jurdw/dr) (2)

= 0 (3)

<>h d/z- dp I d . . ,„ _.„
pu — + pv — — u— = — ̂  ( TT ^~dz dr dz r dr l D~ *~

These equations are formally identical with the boundary-
layer equations, including the radial dependences that ac-
count for transverse curvature.

The boundary conditions applied at the walls are those cor-
responding to first-order velocity slip and temperature jump.
The first of these relates the velocity component along the wall
to its gradient normal to the wall. When this component is
expressed as a linear combination of u and v and is then sim-
plified according to the slender-channel ordering, the result is

-uw = [(2 - au

(5)

The corresponding condition for the temperature becomes

T - Tw = - 2 — OLT

OLT

2y
+ 1) P ( TT (R7V2V X

COS0 | (6)

In all of the results presented in this paper, the gas has been
assumed to follow the perfect-gas law, with constant Prandtl
number, constant specific-heat ratio, and with viscosity pro-
portional to a power of the temperature:

P = [(y -

Dimensionless Forms

= const; ju/Mo = (7)

The reference quantities are chosen to be the reservoir
values, and the coordinates are made dimensionless by the
nozzle throat radius:

x = 2/r*, a = r/r* (8)

and the dependent variables are made dimensionless with re-
spect to reservoir conditions:

(9)
U = u/(2H0y12, V = V

P = p/p0, D = p/po, 6 = h/H0

In addition, it is useful to normalize the radial coordinate by
its wall value at each station

?? = <r/aw(x) (10)

In terms of these variables, the equations of motion become

Continuity:

= 0

Momentum:

P_f
6\

y-ldP
2y dx
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Energy:

0 \ d#
|

Pr d?; ^ (13)

In these equations, the density has been eliminated by use of
the equation of state:

P = DQ (14)

The transformed radial velocity W that appears in these equa^
tions is

W = V - (15)

Note that W is zero both at the wall and on the axis.
The only parameter that appears in these equations [in

addition to 7, Pr, co, and <TW(X)] is a Reynolds number based
on reservoir conditions and the throat radius:

B = po(2#o)1/2r*/Mo (16)

This parameter is convenient to use, since it involves only con-
ditions that are known in advance and are accessible to the
designer.

The boundary conditions in the (2,17) coordinate system are:

2 - au
1/2 cos0 X

(17)

If the wall temperature is prescribed, the thermal boundary
condition is

2 — O.T 27

OLT Pr(y + 1) X

If the wall is taken to be adiabatic, this second boundary con-
dition is replaced by [See Eq. (25) ]:

(d/dr?)(0/Pr + J72)^i = 0 (19)

On the axis, symmetry requires that

Conservation Relations

The relations that express the global conservation of mass,
momentum, and energy can be written down either from a
direct transformation of the integral forms of the conserva-
tion laws, or by manipulation of Eqs. (11-13). The con-
tinuity equation, when integrated from zero to rj, becomes an
expression for W:

In particular, if the upper limit is set equal to one, (where W
= 0) this becomes an expression for the total mass flow :

= A = m (21)

The parameter A is proportional to the discharge coefficient
of the nozzle:

CD = 2A[(y (22)

Integration of the momentum equation leads to an expres-
sion for the variation of the thrust coefficient:

dF/dx = P(d/dx)(aw*)

where
(23)

-ET <M <«>

Equation (23) states that the maximum thrust occurs at the
point where the contribution from the pressure forces acting
on the wall is balanced by the viscous shear stress at the wall,
an observation that has been made by many authors (see, for
example, Ref. 15).

If the momentum equation is multiplied by 2 U, integrated,
and added to the integrated energy equation, the result is a
statement that the flux of total enthalpy is changed only by
heat transfer at the wall:

The adiabatic wall boundary condition, cited above as Eq.
(19), is found by setting the right-hand side of this expression
equal to zero.

Streamtube Relation

In the study of isentropic, one-dimensional channel flows, a
very important equation is the one that relates the pressure
gradient to the rate of change of cross-sectional area.16 For
the present problem, this expression can be generalized to in-
clude the effects of viscosity. The generalization to viscous,
two-dimensional flows was given by Weinbaum and Gar-
vine17; the further generalization to the case of axisymmetric
flows is given below. f

The equation of state is first used to eliminate the density
from the continuity equation; in the resulting expression, the
momentum and energy equations are used to replace du/dz
and d/&/dz in favor of dp/dz. The result is

^
dr ('"-} —— -\ uj y%yp

7 —
yup

2 dz ypM2 dr \ dr/
1 d /V ̂ \ y^l MT /&u

• dr \Pr dr/ y up \dr (26)

The left-hand side of this expression is proportional to the
radial gradient of the streamline direction, and hence to the
axial rate of change of cross-sectional area of the streamtube.
Thus, the first two terms in Eq. (26) are exactly the same as
those familiar from the case of isentropic, one-dimensional
channel flows. The additional terms represent the contribu-
tions to the area change that come from shear, net heat con-
duction to the streamtube, and heat generation within the
streamtube due to the conversion of kinetic to thermal
energy. These terms can be checked against the equivalent
expressions derived from first principles by Shapiro.19

In terms of the dimensionless variables, the streamtube re-
lation is

— ( -\ = -^ y u) ~ i
dP
dx (y - x

dr? \Pr

2r?0« ( ̂ (27)

t The axisymmetric formulas have also been presented in a re-
cent paper by Garvine and Weinbaum.18
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If this expression is now integrated across the channel, it be-
comes a relation between the rate of change of the total chan-
nel cross-sectional area, and the integrated effects of pressure
gradient, shear, heat conduction, and heat generation. It is
useful to solve the resulting expression for the pressure gra-
dient:

X(7 - l)B<rw

fjfP\
^Pr

X

In the limit of infinite Reynolds numbers, this expression re-
duces to the familiar inviscid, one-dimensional channel-flow
result. At large finite Reynolds numbers, the general charac-
ter of the solutions for various mass flows is qualitatively the
same as that of the inviscid limit, namely: at sufficiently low
mass flows, the pressure decreases along the converging part
of the channel, reaches a minimum at or slightly beyond the
throat, and then rises. For somewhat higher mass flows, the
denominator of Eq. (28) changes sign upstream of the throat.
Thus the pressure gradient becomes infinite, indicating that
the flow has choked. At some intermediate mass flow, it is
possible to find a saddle point, where the numerator and de-
nominator of Eq. (28) vanish simultaneously. This inter-
mediate mass flow is the only one that allows an expansion to
conditions that are "supersonic," in the sense that

i 1 - M*
» M2 < 0

Thus for high Reynolds numbers there is a critical mass flow,
which allows a supersonic flow. Greater mass flows lead to
choking, while lower ones yield a subsonic flow in which the
pressure reaches a minimum near the throat and then rises.
The results given in Sec. V illustrate these types of behavior.

However, the results also show that the saddle point moves
farther downstream as the Reynolds number is lowered, and
that at low enough Reynolds numbers it does not occur at all
within the range of exit-area ratios normally of interest in
rocket design. For these cases, there is no mass flow that
leads to supersonic conditions in the average sense indicated
above. There is a certain mass flow for which choking occurs
at the exit plane. For higher mass flows, choking occurs
within the nozzle; for lower mass flows, the pressure may
either reach a minimum and then rise, or it may decrease
monotonically to the exit plane if the pressure drop due to
friction is great enough to overcome the effect of nozzle expan-
sion.

It should be noted that in cases where the no-slip condition
is applied to the velocity at the wall, the integrals in Eq. (28)
diverge. In order to obtain a determinate result, some ac-
count must be taken of the fact that in Eq. (27) the pressure
gradient and shear-stress terms, as well as the heat-conduction
and heat-generation terms, cancel in pairs in a region near the
wall. Thus the simplification employed by Lighthill20 might
be used, in which the integration is stopped short of the wall.
In the present paper, all of the cases studied allow slip at the
walls, and the integrals can be carried out to rj — 1 without
complications.

III. Numerical Methods

Previous Solutions

Most of the existing solutions of the slender-channel equa-
tions are those of the self-similar variety, done by Wil-

liams8'9'21'22! and by Adams.23 These solutions have given
important qualitative information about low-density nozzle
flowfields. However, they are of limited value when applied
to the direct problem, since the conditions for self-similarity
require nozzles whose shape changes when the Reynolds num-
ber is changed.

In recent years, many nonsimilar boundary-layer problems
have been treated successfully by numerical methods (see, for
example, Refs. 24 and 25) and it appeared that these methods
could readily be adapted to the present problem. Numerical
solutions of the slender-channel equations have in fact been
presented by Milligan26 and by Myers27; only a few such re-
sults are available however, due primarily to limitations in
computational facilities.

Difference Equations

The coordinates are expressed as

7 = (L - , L = 1,2, . . ., Lmax

(For all the calculations reported here, Lmax was taken as 101.)
Values of the dependent variables at a grid point are repre-
sented by the notation

Crank-Nicholson implicit differences were used to represent
the momentum and energy equations. Full details of the dif-
ference equations used are given in Ref . 29. These equations
are a set of simultaneous algebraic equations for the values of
U and 9 at the grid points across the channel.

Once a set of initial profiles and a value of dP/dx are given,
the solution of the finite-difference equations can be deter-
mined recursively, following the method outlined by Richt-
meyer and Morton.28

Pressure-Gradient Determination

In advancing the solution from station K to K + 1, the
pressure gradient (assumed constant across the step) must be
chosen so as to satisfy the three global conservation relations
given above, as well as the integrated streamtube-area rela-
tion. Since the two difference equations being used are local
expressions for the conservation of momentum and energy, it
might be expected that the best choice would be to use the
value of dP/dx that satisfies either the total mass conservation
or the integrated streamtube-area relation. The computer
program uses both of these options; it has been found that
solutions determined with either option also satisfy the total
momentum and energy conservation. Furthermore, except
in the near vicinity of the saddle point, solutions found with
either option also satisfy the other option. Near the saddle
point, it is more accurate to use the streamtube relation; in
most of the solutions described here, the pressure gradient has
been determined in such a way as to enforce mass conservation
up to the saddle point, and such as to satisfy the streamtube
relation downstream of the saddle point.

The specific procedure used in enforcing mass conservation
is as follows: a value of dP/dx is chosen, and the difference
equations are solved for the profiles of U and 9 at station K
+ 1. These profiles are then used in Eq. (21) to calculate the
pressure at the end of the step :

(29)

This pressure is compared with the value that would be found
by extrapolating from the beginning of the step, and an
iteration on dP/dx is performed until these two pressures are

t The solutions of Refs. 21 and 22 are solutions of the full
Navier-Stokes equations.
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equal, i.e.,

PK = PK+i (30)

The initial solution was derived by expanding all of the
dependent variables in inverse powers of the nozzle radius

The same type of procedure is used in choosing dP/dx so as
to satisfy the integrated streamtube-area relation: a value
of dP/dx is chosen, the difference equations are solved for U
and 0 at station K + 1, and these profiles are then used to
calculate the right-hand side of Eq. (28). An iteration on
dP/dx is then performed until the value of dP/dx calculated
is equal to the value chosen. When this process has con-
verged, there is a mismatch between the two sides of Eq.
(29), which is usually on the order of 2 to 3%.

Determination of the Mass Flow

Once conditions at the initial station are provided, the pro-
cedure described previously can be used to find the solution
for a given mass flow, given Reynolds number, given nozzle
geometry and wall-temperature distribution, and given gas
properties. Usually, these solutions eventually display either
of two types of behavior. In the first, the pressure reaches a
minimum and dP/dx becomes positive after that. In the
second, dP/dx becomes more and more negative, until a sta-
tion is reached at which there is no solution that will match
the left and right sides of either Eq. (28) or Eq. (29). These
two types of behavior correspond to changes in sign of the
numerator and denominator of Eq. (28). There is a range of
Reynolds numbers and nozzle shapes for which a saddle point
can be found, where the numerator and denominator change
sign at the same point. For such cases, the only physically
acceptable mass flow is the eigenvalue for which the solution
passes through this saddle point.

The computer program described in Ref. 29 has the capa-
bility of determining this eigenvalue. An upper and lower
bound for the mass flow are specified as input data, and a solu-
tion is calculated for a value of A halfway between these
bounds. When this solution displays either of the types of
behavior mentioned above, its value of the mass flow is used
as a new upper or lower bound, and the process is repeated
until the upper and lower bounds differ by some preassigned
amount (usually four significant figures are specified). Once
the mass flow has been determined in this way, a final solution
is calculated. This integration is interrupted slightly up-
stream of the saddle point, and the pressure-gradient distri-
bution is then chosen so as to force the solution to lie along a
straight line through the saddle point, in the plane of the
numerator and denominator of Eq. (28). As soon as this
fitted portion of the solution passes through the saddle point,
the iterative solution for dP/dx (satisfying the streamtube
relation) is resumed.

IV. Initial Conditions

In order to start the calculation method described in the
previous section, it is necessary to specify a value of P, and
profiles of U and 0, at some initial station. In applications
of thin-boundary-layer theory to the present problem, this
initial station is usually taken at the geometric throat of the
nozzle; there the boundary layer is assumed to have zero
thickness, and the pressure, velocity, and enthalpy are as-
sumed equal to the values they would have in an isentropic,
inviscid, one-dimensional channel flow.

In the present study, where results are sought at very low
Reynolds numbers, this approximation is not acceptable;
instead, the solution must be started far upstream of the
throat. Asymptotic solutions of the slender-channel equa-
tions for slow flow in a converging cone were derived for this
purpose. Analogous solutions of the Navier-Stokes equa-
tions for incompressible flow have been presented by Acker-
berg.30

U =

P =

W

O, 0 = (31)

These expansions are substituted into the equations of motion
and boundary conditions, and coefficients of like powers of
aw are equated. The resulting ordinary differential equa-
tions for Uif(rf) and Tjf(rj) can be integrated explicitly. The
solutions contain the coefficients TTN, which are related to the
given mass flow by expanding Eq. (21)

The results for the first few terms are

7T3 = [327/3(7 - l)]A/B
(33)

This result for T^(rf) is valid for either thermal condition of
the wall.

Simplified Initial Conditions

It is desirable to specify the initial conditions to a level of
accuracy that is commensurate with the accuracy of the finite-
difference scheme. From an inspection of Eq. (32), the indi-
cation is that mass conservation requires the [/-profile to be
specified through order aw~5 and the pressure through order
<7TF~3. When this was done in an early version of the com-
puter program, however, it was found that the higher-order
contributions were masked by the truncation error in the
finite-difference results—i.e., if dP/dx is specified through
order <TW~Z, a Simpson's rule integration of the resulting U
profile at x + Az is in general different from the right side of
Eq. (32) by an amount of order greater than aw~5. For this
reason, the iterative method of finding dP/dx was chosen. In
this method, the value of dP/dx is adjusted until the values
of the two sides of Eq. (29) are equal; this has the effect of
doing numerically to dP/dx what the series coefficients TTN
would do analytically. In this method, the series solution is
used only to give the starting profiles, and an initial guess at
dP/dx.

To be consistent with this procedure, the starting conditions
were simplified to

U =

0 = 1

+ Ui(l)/'<rw* - r?2)/W2 +
8AKu/<rw*

(34)

dP/dx =-

This approximate velocity profile fails to conserve mass at the
initial station; the error introduced is typically less than 1%.

For all of the solutions presented in this paper, the initial
station was chosen as #0 — ~~5.

V. Results
In the subsections that follow, the nozzle geometry used is

described first; following this, the general features of the
flowfields found by changing various parameters are described.
Results that relate specifically to performance characteristics
(mass flow, thrust, specific impulse) are deferred to the end of
this section.
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Table 1 Summary of cases

Case no. B deg 02, deg

I
2
3
4
5
6
7
8
9

10
11
12

1250
1250
1250
800
400
800
800
800
800
100

1250
1250

0.1122
0.121
0.1222
0.1188
0.1138
0.1188
0.1188
0.1188
0.1188

See text
0.1208
0.1370

-20
-20
-30
-20
-20
-20
-20
-20
-20
-20
-20
-20

13.356
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

21.77
22.4
22.4
22.4
22.4
25.0
21.0
18.0
15.0
15.0
22.4
22.4

adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall
adiabatic wall

Qw = 1.0
1.0 < Qw < 0.2

(see text)

4.95
1. 05

1.15
20

0.65
2.35
20
20
20

1.45
0.75

Geometry

The particular geometrical configuration used in the present
study consisted of a convergent cone and a divergent cone,
connected by a constant radius-of-curvature-section. The co-
ordinates are given by

crw = x tan0i

= x tan02 + 1 -f

Cases Studied

— cos0i — sin#i tan0i), x < Ri sin0i
z2)1/2, Rl sinft < x < R± sin02

— cos02 — sin02 tan02), x > Ri sin02

The computer program described earlier has been used to
investigate the effects of varying some of the parameters of
the problem. Table 1 lists the values used for the various
parameters. For all cases, the values 7 = 1.4, Pr = 0.75,
co = 0.9, au = OLT = 1.0 were used. In general, a step size
of Ax = 0.1 was used; however, for runs with the sharp
throat (Ri = 0.5), it was reduced to Az = 0.01 in the region
—0.3 ^ x ^ +0.3. All of the calculations reported here
were done in double precision on an IBM 360/65, Release 14.

Comparison with Experiment

Case 1 provides a direct comparison with the experimental
data reported by Yevseyev,31 who carried out a very detailed
probing of the low-density flow in a conical nozzle. Results
for the center line Mach number (taken from Yevseyev' s Fig.
8) are presented in Fig. 1; the present calculation is 6% high
at # = 6, and about 3% low at x = 15. A more stringent test
of the calculation method is shown in Fig. 2 where the mea-
sured and calculated velocity profiles at a; = 11.1 (see Yev-
seyev's Fig. 7) show excellent agreement.

It should be emphasized that the calculations shown con-
tain no approximations beyond those implicit in the use of the
slender-channel equations; they constitute the solution of the
direct problem, for a specified nozzle geometry and a specified
set of reservoir conditions. No attempt has been made to

PRESENT
CALCULATION

YEVSEYEV'SDATA

improve the agreement by varying the gas-property parame-
ters.

Effects of Upstream Geometry

Cases 2 and 3 are identical except for the value of the inlet
angle; the results of these two runs are indistinguishable for
x ^ 0, and were taken as evidence that the upstream geome-
try has little effect on the flow. Obviously, much more evi-
dence is needed before the quantitative limitations of this
statement are clear, but it was felt that exploration of this
effect could be deferred until after the variation of other
parameters had been studied; all of the other cases described
here used 0i = -20°.

Effect of Reynolds Number

Cases 2, 4, and 5 show the effect of the Reynolds number.
Before discussing this effect specifically, it is well to examine
how the iteration process led to determination of the eigen-
solution. For case 2, Fig. 3 shows the variation of P with x
at various values of the mass flow; these exhibit the two
types of behavior described earlier. This behavior is shown
more clearly in Fig. 4, which is the plane of the numerator and
denominator of Eq. (28). After the iterations shown had
been completed, the value A = 0.121 was selected as the
eigenvalue of A, and this solution was interrupted at a; = 0;
it was then placed on a straight line through the saddle point,
as shown in Fig. 4. The result of this fitting is shown in the
P,x plane in Fig. 3. Note that the saddle point is crossed
about one radius downstream of the throat; thereafter, the
iterative method of finding dP/dx is resumed [using Eq. (28) ],
and continues to run stably.

An isometric view of the velocity and enthalpy profiles at
various positions along the nozzle is shown in Fig. 5.

Lowering the Reynolds number B to 800 has the effect of
moving the saddle point slightly farther downstream (case 4),
and a further reduction to B = 400 moves it out beyond

PRESENT
CALCULATION

10 15 20
r/R

Fig. 1 Distribution of centerline Mach number, case 1. Fig. 2 Velocity—profile prediction, case 1.
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Fig. 3 Pressure distributions for various mass flows,
case 2.

Fig. 5 Profiles of
velocity and static
enthalpy, case 2.

twenty radii (case 5). For this case, the solution in the plane
of Fig. 4 moves along the straight-line segment toward the
saddle point, but never reaches it.

Effect of Exit-Cone Angle

Cases 4 and 6-9 show the effect of changing the angle 62, at
a constant Reynolds number B — 800. Reducing this angle
inhibits the expansion to supersonic conditions, and so has the
same effect as lowering B. As 62 becomes smaller, the saddle
point moves farther down the nozzle, passing beyond twenty
radii for 02 < 18°. There is obviously a range of expansion
angles and Reynolds numbers for which there is no unique
supersonic solution of the problem determined by passage
through the singular point.

Extended Study of the Nonsingular-Solution Region

The conditions of case 10 lie well within the region where
there is no saddle point. A large number of computer runs
was made for this case, and the resulting pressure distribu-
tions along the nozzle are shown in Fig. 6. At the lowest
value of the mass flow (A — 0.04), dP/dx is negative out to
forty radii; at somewhat higher mass flows, the pressure
reaches a minimum, and then rises slightly as the flow con-
tinues to decelerate. Ultimately a pressure maximum is
reached, and the final state of the flow is a Poiseuille velocity
profile, with the static enthalpy uniformly equal to its wall
value.

For sufficiently high mass flows, a choking condition is en-
countered; however, in contrast to the higher Reynolds num-
ber, higher 62 cases, the locus of zero pressure gradients does
not intersect with the locus of infinite pressure gradients.
The solution for A = 0.08764252 extends all the way to forty
radii with dP/dx negative. Figure 6 shows this solution pass-
ing between the loci of the zero- and infinite-slope points.

For values of A greater than about 0.086, these solutions
exhibit a zone of supersonic flow near the axis, and slightly
downstream of the throat. Contours of constant Mach num-
ber are shown in Fig. 7 for the case A = 0.08764252. A
smooth transition from supersonic back to subsonic conditions
is predicted. This type of transition is possible within the
framework of the slender-channel equations, where the axial
gradients in the stress tensor (which could give rise to a shock-
wave type of transition) have been neglected in comparison
with transverse shear stresses. The Mach-number-distribu-
tion along these streamlines is analogous to that of a stream-
line entering the boundary layer on a flat plate in a supersonic

FITTED
PORTION 0.121

Fig. 4 Solution curves
for various mass flows,

case 2.

flow; the Mach number decays below one as the streamline
is carried deeper into the slower part of the boundary layer.

Figure 7 also shows the locus where the axial velocity
reaches 99% of its centerline value. This locus shows how
the boundary layer essentially closes on this flow. In all of
these flows, the decreasing pressure generates two opposing
effects: the first, appearing in the inviscid terms of the
streamtube relation, is to accelerate the flow to a supersonic
state. The opposing effect, appearing in the viscous terms,
is to thicken the boundary layer. The conditions of case 10
lie in a region where the latter effect dominates the former;
no acceleration to a permanent supersonic state is possible
within the framework of the slender-channel equations, and
the flow undergoes a transition back to subsonic conditions.

Whether a smooth transition of this type is realized experi-
mentally is, to the author's knowledge, an open question.
Measurements aimed at resolving this problem are needed;
in addition, further analysis in which the longitudinal stress
contributions are retained would be very useful.§

However, even if these predictions of an imbedded super-
sonic zone are accepted as having physical significance, there
still remains a problem of predicting nozzle performance when
the pressure imposed at the exit plane is extremely low.
Figure 8 shows the slender-channel prediction of mass flow as
a function of exit-plane pressure, if the nozzle is cut off at x =
40. The point to be noted is that no solutions were found for
which Pe/Po was less than around 0.09. It seems probable
that for values of A between 0.08764252 and 0.08764343, solu-
tions could be found in which choking occurs arbitrarily far
downstream. However, it may be that some mechanisms
which are not included in the slender-channel equations must
be invoked in order to predict how the flow adjusts to the exit
conditions encountered in the space environment. In par-
ticular, the presence of a large subsonic region suggests that a
strong upstream influence of the exit-plane conditions may be
experienced in these flows.

Several authors (see, for example, Refs. 33 and 34) have re-
ported experiments in which the exit-plane pressure appeared
to have an anomalously large effect on the thrust level. It is
possible that the observed phenomena are caused by the vis-
cous suppression of supersonic conditions, in the manner re-
vealed by the present solutions.

Fig. 6 Pressure
distributions for
various mass

flows, case 10.

A = 0.04

0-086

~--~ — '6.08764252

ORDINATE IS THE
NUMERATOR OF EQ. 32

§ Sichel32 has studied the limit opposite to the slender-channel
case, in which transverse shear stresses are neglected compared to
the longitudinal ones.
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6rf = 0.99

Fig. 7 Contours
of constant Mach
number, case 10,
A = 0.08764252.

The precise boundary above which a unique supersonic solu-
tion can be found has not yet been adequately determined;
the present results suggest that this will be the state of the
flow if B is greater than 800 and 62 is greater than about 20°.
This value of B corresponds to a throat Reynolds number
around 300; using Sutherland and Maes' rule of thumb (see
Ref. 1, p. 1160), this corresponds to a thrust level in the
vicinity of 10 ~~4 Ibf for a typical nozzle size.

Effects of Heat Transfer and Variable Wall Temperature

Operation of a rocket device at low density implies that the
thermal condition of the wall exerts a strong influence. Two
cases were run in order to explore the effect of heat transfer on
the flow. In the first of these (case 11) the wall temperature
was equal to the reservoir temperature all along the nozzle.
In the second, (case 12) the wall temperature was dropped
from TO to To/5 between —4 and —2 radii, and was held con-
stant thereafter:

Qw = 1.0, -5 ^ x ^ -4
= 0.6 + 0.4 cos[(o; + 4)?r/2], -4 $ x
= 0.2, x % -2

-2

This latter case was an attempt to simulate the thermal en-
vironment that might be encountered when the gas flows out
of a hot reservoir and into a relatively cold channel. Cases
11 and 12 were the same as case 2 in all other respects.

The wall-temperature and heat-transfer distributions, and
the variations of the total-enthalpy flux [which are related by
Eq. (25) ] are shown in Fig. 9, and typical profiles are given in
Fig. 10. Profiles for the hot wall case are practically identical
to those of the adiabatic-wall case, but the cold-wall case
shows marked differences. In particular, in the cold-wall case,
about 20% of the enthalpy flux is lost in heat transfer to the
wall. Also, the discharge coefficient is greater than one — the
nozzle can pass more mass flow than an isentropic, one-dimen-
sional nozzle would, due to the elevated density level near the
walls. The enthalpy profile in Fig. lOb has a slight bulge near
the wall, typical of what happens in high Mach-number
flows due to viscous heating.

A noticeable thinning of the boundary layer is also apparent
with the cold wall. Figure 11 shows the variation of the dis-
placement thickness with distance along the nozzle, compared
to the constant-wall-temperature case. The displacement
thickness used here is defined by

rJo purdr =

r* ~ V

0

DU

rdr
(35)

Conditions on the axis can be calculated with an error of a few

0.10 r

Fig. 8 Mass-flow varia-
tion with exit-plane pres-
sure (exit station at x —

40), case 10.

1.0

CASE 11
CASE 2 (ADIABATIC WALL)

CASE 12

Fig. 9a Wall-
temperature dis-

tributions.

5

Z/r*

.14

H

.10

10

CASE 11
Fig. 9b Enthalpy-
flux distributions.

10 15

CASE 11

Fig. 9c Heat-
transfer distribu-

tions.

percent, by using the isentropic, one-dimensional flow results
at an effective area ratio found by subtracting the displace-
ment thickness:

Aeff/A* = (aw - V7*)2

Thus the present results provide a corroboration, without a
priori assumptions, that the displacement thickness is indeed
the correct scale to use in making boundary-layer corrections
to the core flow.

Performance Characteristics

The thrust coefficients obtained from these calculations are
shown in Fig. 12, as a function of geometric area ratio. (No
correction has been made for any effects that might accom-
pany the transition from conditions at the given area ratio to
zero-pressure ambient conditions.) For comparison, the ideal
value at the same area ratio is shown. These were found
from (see, Ref. 35, p. 446) :

XF = {[27V(7 ~ D][2/(7

The effect of increasing Reynolds number is to increase the
thrust coefficient, as might be expected (cases 2 and 4). In-
creasing 02 produced a slight increase in F (cases 4, 6, and 7),
indicating that thrust losses due to divergence were not yet

Fig. lOa Velo-
city and en-
thalpy profiles,

case 11.

1 0

- in
_ H
- X

Fig. lOb Veloc-
ity and enthalpy
profiles, case 12.

1 0
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Fig. 11 Variation of displacement thickness.

Fig. 13 Variation
of specific-im-
pulse parameter.
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dominant in the range shown here. Decreasing the longi-
tudinal radius of curvature of the throat (cases 1 and 2) and
cooling the wall (cases 12, 1, and 2) both increased the thrust
markedly.

One interesting feature of the sharp-throat results is the
rapid rise toward the maximum. For these configurations,
the nozzle can be cut off at 5 radii with less than a five percent
loss in thrust. These results illustrate the importance, in
these calculations, of establishing the correct initial state of
the flow at the throat.

In Fig. 12, the higher thrust coefficients are obtained at the
expense of higher mass flows. The quantity F/A, propor-
tional to the specific impulse, is shown in Fig. 13. These re-
sults indicate that the specific impulse is a relatively weak
function of Reynolds number and nozzle geometry, for the
range investigated here. The strongest influence was that
associated with strong cooling of the nozzle walls.

One indication for design practice is that performance is in-
creased by using a sharp throat, and by cutting the nozzle off
at a rather modest exit-area ratio. This indication must be
used with some caution, however, until more extensive calcu-
lations and further comparisons with experiment are made.

VI. Concluding Remarks

The net result of the studies reported here is a computa-
tional method for finding a solution of the direct problem of
low-density flow from given reservoir conditions through a
nozzle of given shape. Results found by this method show
good agreement with experiment. The equations used be-
come identical with the thin-boundary-layer approximation
at high Reynolds number, and can be used well down into the
lower Reynolds number region where the importance of the
state of the flow at the throat makes the conventional thin-
boundary-layer model of limited value.

At the time of this writing, the number of cases that have
been calculated is insufficient for any general conclusions re-
garding nozzle design. Within the limits of the calculations
made, it appears that sharp throats lead to better perfor-

INVISCID,
ONE-DIMENSIONAL

FLOW,

p TTr'

1.0

CARET SYMBOLS DENOTE
THE LOCATIONS OF THE
MAXIMUM-THRUST POINTS

100

Fig. 12 Thrust-coefficient dependence on area ratio.

mance, and that exit-area ratios as low as 10 can be employed
without serious loss in specific impulse.

At sufficiently low Reynolds number and small divergence
angles, the slender-channel equations do not have a solution
in which the flow expands to supersonic conditions. Instead,
the boundary layer completely fills the channel, and the solu-
tion takes on the character of a viscous, subsonic pipe flow.
One implication of this result is that a relatively strong up-
stream effect of the exit-plane conditions is likely to be felt in
these flows. Further clarification of this regime awaits experi-
mental probing of the flow structure and the application of
more complex analyses which retain some of the effects dis-
carded in the slender-channel approximation.
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